Abstract: This paper describes a method of implementing RadauIIA and LobattoIIIA of implicit Runge-Kutta formulas into circuit simulators for nonlinear circuits as numerical integration. These implicit Runge-Kutta methods have high orders and are A-stable. Equivalent circuits at discrete time for linear and nonlinear elements are proposed. Circuits at times between past and present time are needed in addition to the equivalent circuit at present time. Solutions at intermediate and present times must be estimated simultaneously. So, the size of equivalent circuit becomes larger than the numerical integration in conventional circuit simulators. However, since the orders of these algorithms are high, this problem is solved by using larger time step for numerical integration compared to conventional methods to save calculation time. The implicit Runge-Kutta and conventional methods are compared in terms of accuracy and computational costs using example circuits.
Introduction
In conventional time-domain circuit simulators, multistep backward-differential-formulas such as Gear's methods and trapezoidal algorithm are used to solve ordinary differential equations [1] [2] [3] [4] [5] . The order of trapezoidal algorithm is second and Gear's methods have algorithms of more than the second order. However, the later are not practically used. One of the reasons is that they are not A-stable. It is an important problem to implement A-stable high order integration methods into circuit simulator.
An explicit Runge-Kutta method of the forth order is well known [5] . Explicit methods can evaluate nonlinear characteristics by using only values at past times. However, they are not A-stable and difficult to implement into the circuit simulator employing modified nodal analysis [6] . On the other hand, RadauIIA and LobattoIIIA in implicit Runge-Kutta formulas are A-stable even if the order is more than the second. Therefore, they are suitable for integration methods of the circuit simulation. Implementation of RadauIIA and LobattoIIIA in implicit Runge-Kutta methods for the circuit simulators was introduced in [7] and study both transient and steady-state responses of autonomous and nonautonomous circuits was described in [8] . Furthermore, equivalent models and their equations of implicit Runge-Kutta methods for linear and nonlinear elements were proposed in [9, 10] . Since, the size of equivalent circuits became larger than the conventional numerical integration methods used in standard circuit simulators, because the equivalent circuits at a time between past and present are needed in addition to equivalent circuits at present time. Solutions at intermediate and present time must be estimated simultaneously. However, since implicit Runge-Kutta formulas such as RadauIIA and LobattoIIIA are order 2 or more and are A-stable, larger time step for numerical integration compared to conventional methods can be used to save calculation cost.
This paper describes a method of implementing implicit Runge-Kutta formulas such as RadauIIA and LobattoIIIA into circuit simulators as numerical integration. It is based on the paper [9] in NOLTA2009.
Runge-Kutta methods are explained in Section 2. An equivalent model for a linear element is described in Section 3 and a model for bipolar junction transistor (BJT) as nonlinear elements is proposed in Section 4. In Section 5, comparison of the error between implicit Runge-Kutta methods and conventional methods are described. Computational costs of proposed methods and conventional methods are discussed using example circuits in Section 6.
General formula for Runge-Kutta methods
For ordinary differential equation
Runge-Kutta methods are given by
where each coefficient of (1) is given by Butcher arrangement shown in Table I [11] . The formula is explicit when the upper triangle coefficients a ij (i ≤ j) are all 0. The method is implicit except these cases. In RadauIIA and LobattoIIIA, the upper triangle elements a ij (i ≤ j) are not zero and then they are implicit numerical integrations. The parameter s in Table I denotes Assuming that m ij = a ij ,m 10 = m 20 = 0 in 3rd-RadauIIA and m ij = a (i−1)(j−1) in the 4th-LobattoIIIA, the two implicit Runge-Kutta methods can be written as follows [7] :
where t n , t a and t n+1 indicate a past time, an intermediate time and a present time.
3. Equivalent models for a linear element
Linear capacitor
Applying (2) to ordinary differential equation for a linear capacitor :
and rearranging, Eq. (3) is obtained.
Then, the equivalent circuit is shown in Fig. 1 . The equation for the simulation is given by 
where v .
Parameters P and F are independent current sources that can be computed from the past voltage and current values.
The size of the equivalent circuits in the 3rd-RadauIIA and the 4th-LobattoIIIA becomes twice as large as trapezoidal method and the variables in the equations become also twice because they include ones at intermediate time.
Implementation into BJT
Consider Gummel-Poon model for BJT are shown in Fig. 2 . It consists of a contact resistances, diodes and VCCS. A model of a diode is shown in Fig. 3 . It consists of a contact resistance R s , a nonlinear conductance g(v) and a nonlinear capacitor q(v).
Equivalent model for diode
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Linearization and numerical integration for nonlinear capacitor
We assume that the relationship of the current i c and the capacitor voltage v are given by
where T t , I s and N each shows a run time, a saturation current and an emission coefficient. Applying (2) to ordinary differential equation (5) and linearizing by Newton method, we reach Eq. (6), where (j) represents the number of Newton iteration.
n+1 , C n and α in (6) are given by
Equation (6) is rewritten by followings:
where
cn+1 are conductances and decided by
cn+1 and g
ca in (7) show the coefficients of VCCS. The VCCS with coefficient g
cn+1 is connected to the equivalent circuit at t a and controlled by voltage at t n+1 . Parameter g (j) ca is connected to the equivalent circuit at t n+1 and controlled by voltage at t a . They are determined by
a .
I k ca and I k cn+1 in (7) are given by
where each term is calculated by 
Linearization for nonlinear conductance
n+1 .
Equivalent circuit for diode
An equivalent circuit at (j + 1) Newton iteration and (n + 1) discrete time for a diode is shown in Fig. 4 , where
cn+1 . Then, the equation for the simulation is given by Eq. (8) . From Fig. 4 , the size of the equivalent circuits in the 3rd-RadauIIA and the 4th-LobattoIIIA becomes twice as large as trapezoidal method and the variables in the equations become also twice because they include ones at intermediate time.
Implementation into voltage controlled current source i CE
Voltage controlled current source i CE in Fig. 2 is controlled by v BC and v BE and it is given by 
Parameters g
BE(n+1) and g 
Equivalent circuit for BJT
An equivalent circuit at (j + 1) Newton iteration and (n + 1) discrete time for a BJT is shown in Fig.  5 .
(n+1) Fig. 5 . Equivalent circuit for BJT.
Comparison of the error with the conventional method
The estimated error of the trapezoidal, the 3rd-RadauIIA and the 4th-LobattoIIIA for an RC circuit shown in Fig. 6 , ε is calculated by
where v c is an exact solution at t = 1[s] calculated from
and v is a numerical solution of each numerical integration method. An exact solution is used as the past value to calculate the present numerical solution. The results are shown in Fig. 7 , where the horizontal axis shows the time step and the vertical axis shows the error. According to the graph, larger time steps can be used in implicit Runge-Kutta methods in order to obtain the same accuracy as the trapezoidal rule. For example, the 3rd-RadauIIA can use 3.6 times the numerical integration time step as large as the trapezoidal rule and the 4th-LobattoIIIA can use 8.6 times as large time step as the trapezoidal with 1.0 × 10
[%] error.
vC R E C Fig. 6 . RC circuit.
Comparison of computational costs
The computational costs between proposed implicit Runge-Kutta methods and the trapezoidal method are compared using an RC circuit in Fig. 6 , a diode circuit in Fig. 8 and an amplifier circuit in Fig.  9 . Calculation time of two implicit Runge-Kutta methods and trapezoidal for RC circuit is shown in Fig. 10 , where the horizontal axis is the time step of numerical integration and the vertical axis is calculation time. The computational costs of Runge-Kutta methods and trapezoidal became almost the same in this case. We consider that Runge-Kutta methods with high accuracy are superior to trapezoidal for linear and small scale circuits. Calculation time of Runge-Kutta methods and trapezoidal for diode circuit is Fig. 11 . According to the graph, the computational costs of RungeKutta methods and trapezoidal become the same if Runge-Kutta methods use about 3.9 times the step size as the trapezoidal. Calculation time of Runge-Kutta methods and trapezoidal for amplifier circuit is Fig. 12 . According to the graph, the computational costs of these methods become the same if Runge-Kutta methods use about 4.5 times the step size as the trapezoidal. In implicit RungeKutta methods, Newton iteration must be applied to the circuits at intermediate times and present time. Then, calculation of the parameters in (8) for the equivalent model of BJT in the amplifier circuit becomes larger than that for the diode circuit. Therefore, numerical integration time step for the amplifier circuit to obtain computational costs same as the trapezoidal becomes larger than that for diode circuit. In addition, higher accuracy is obtained for the 4th-LobattoIIIA than trapezoidal method, even if we use larger time step than trapezoidal. Assuming that computational cost increases in proportional to N 1.5 , whehe N is a number of variables, under consideration of sparse matrix, computational cost becomes 2 
Conclusion
This paper described the technique for implementing two types of implicit Runge-Kutta formulas, the 3rd-RadauIIA and the 4th-LobattoIIIA as numerical integration into nonlinear elements, which are A-stable and have high orders. The equivalent circuits and their equations of linear and nonlinear elements for the simulation are proposed. For these implicit Runge-Kutta methods, the equivalent circuit at one intermediate time was necessary in addition to the equivalent circuit at present time. Therefore, although computational cost increases from the trapezoidal method, larger time steps of numerical integration can be used in order to obtain the same accuracy as trapezoidal. The time step which makes the same computational costs as trapezoidal, the 4th-LobattoIIIA can obtain much higher accuracy than trapezoidal. The proposed method is effective for the simulators of the circuits whose scale is small and accuracy is required, since computational cost will increase if nonlinear elements increase.
